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DEAR S1R, Ropal Mithuy Ard:

S the experiment of deterrmmng the univerfal at-
A traétion of matter, which you lately conducted
with fo much accuracy and fuccefs, is of fo great im~

Vor. LXX. B portance
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of your prefenung it to the Royal Soc1eth

2 Dollor nUTTON's Determination of the
portance and cuﬁoﬁty, that it may prdbably be here-
after repeated by the learned in other countries, and in
other fituations; and as the utmott precifion is defirable
in fo nice an experiment ; 1have compofed the inclofed
paper to determine the beft part of a hill for making
the obfervations, o as to obtain the greateft quantity of
attradtion,

1 have no doubt, Sir, thatthe determination of this
point will appear of fome confequence in the opinion of
one who has the improvement of ufeful knowledge fo
much at heart; and if the manner’in Wthh it is here
made, meet your approbanon, I fhall defige the favour

i B

I haye the ho',r:i‘o'u‘r‘ to, be, &c.. .

1. The-
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- Place.of greateff Atiraction. . 3
1. The great fuccefs of the experiment, lately made
by the Royal Society, on the hill Schehallien, to deter-
mine the univerfal attradion of matter, and the im-
portant confequences that have refulted from it, ‘may
probably give occafion to other exper.iménts of the fame
kind to be made. elfewhere: and as all poffible means
of accuracy and facility are to be defired in {o delicate
and laborious an -undertaking 3 it has occurred to me
that it might not be unufeful to. add, by way of {up-
plement to-my paper of ‘calculations rehtlve to the-.a~- -
bove-mentioned “experiment, ‘an- 1nve{t1gatxon of .the
height above the bottom of a hill; ‘at. whichiits horizon~
tal attradtion fhall be the gréateﬁ fince that is the height
at which commonly the obfervations ought to- be made.
and fince. this beft point of obfervation has never been,
any where determined that I know of, ‘but‘has béen va-
rioufly fpoken of or guefled at, it being fometimes ac-
counted at §, and fometimes at } of the height of the
hill; whereas from thefe inveftigations it is found to
be generally at about only ; of the altitude from the
bottom. S
2. Let ABCEDA be part of a cuneus of rmtter, its
fides or faces being the two fimilar right-angled trian-
gles ABC, ADE meeting in the point A, and forming the
mdeﬁmtely fmall -angle Bap. Then of any fection
‘ B 2 beed,
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beed, perpendicular to the planes azp
"and ADE, the attraction on a body at
A in the diretion as, is equal to the
conftant quantity ss; where s = fin.
<BAC and s={in, <BAD, to the.ra-

dius. 1.
For, firft, fince the magnitude of the flowing fec-
tion is every where as ad%. and the attraction of the

particles of matter invetfely “as the fame, or as 23

wy e g o § AN Car
' { 1 ’) . 1

therefore their product pi‘,:;-j—,-; orx (a éonﬁqnt quantity)

is as the force of .attradtion of beed. ;= = 1w

Then to find what that quantity is; = Put AB =4, and
BC=x; then 'BD or-ck (the diftance. between theitwo

planes at the diftance A2) is = 44, - Now. the force of a. -

N

particle in the line cE is as —%; in the dire@ion Ac and = ~

AC?
A

therefore it is as A—g,_ in the direction aB; confequently

the force of the whole li_neola CE in the diretion an

Azé,CE; and therefore the fluxion of the force of the

feCtion BCED or fis = AB:CE g o domnd _ i .
f AC? . oo 3 ‘|+ﬂ"|: i ]
. = - BC __

sttraction itfelf.

3. To
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Place of greatefi Attrafion. 5
3. To find now the attradtion of the whole.right-

~ angled cuneus on a body at A in the diretion Ap.—

Since the force of cach fe&ion is ss by the laft article,
therefore the force of all the fefions, the number of
them being AB or @, is ass =, ‘AB -BA—g the force of the
whole cuneus ABCEDA. ' |

4. To find the attraction of the reét-
" angular part ABCD on A in the diretion
. AB }..ABCD being one fide of the cune-.
- y— ¢ us, and Ap* 1ts edge.-—Put AD=BC =25,

A B

“and AR =4, "[‘hen, the force of any fection as BC bemcrif" |

always as s§ - by’ "Att, 2y the ﬂuxmn of the force or f

RO § 0 Ny
will be = s.f.x —-Jx X = = sx
AG: RS WPy

; an(l the

fluent is'f = 45 » hyp; log: of- f_i'_""_z_if. =S, B'cf-fa-‘c.-'"hifp. log. -

4

ABHAC _ the attraltion of ABCD.

5: 'To find the attraction of the
right-angled part Bcp of a cuneus
- whofe edge paffes through a the
"D TF B place of the body attracted.—Put.
AB=a, BC=4,BD.=¢, Da=d = ¢~ DC=g AC = g,
and pp=x. Then, the force of any féétion ro being
fiill as ‘ss, the Auxion of the force of the part ppQ_is F
=895 = SF X = 3””‘-—-; and the correét fluent:

71

AQ. «/r'a“-{- zc‘d',r+f
when:




6. Doc%r HUTTON Dmrmmamn of the

when x=cis f=Ux g d—* ‘—»..x hyp. log. "";L--
=the force of a body at A in,the ﬂﬁ‘é&ion— AB.

6. ‘To find the attraction of the
right-angled part Bcp on the point
a.—Ufing here again. the fame
netation asin the laft article, we have

J = ssde 5 x 29—* = % . Thecorre& fluent
] CAQL WA e Y oA _
" of which, —}vhen K= 0 is

= f‘r‘, X g = d+ £ hyp log ""'"'“ =

7. To apply now thefe premifés to the ﬁndmg of the "
place where the attraction. of , a hﬂl is’ greateﬁ it wxll’ '

be neceﬁ’ary to. fuppofe the h1ll to have forne cértain fi=,

gure. That poﬁtlon is moft convement for’ obfervmg
the attraction; in which the hill'is moﬂ: extended in the
_ eaft and weft direction, _Suppoﬁng then fuch a pofition
of a hill, and that it is alfo of a yniform height and
meridional feétion throughout'; the point of obferva-
‘tion muft evidently be equallydiftant from the two ends.
But inftead of ‘being only confiderably-extended, I fhall
fuppofe the hill to be indefinitely extended to the eaft
and to the weft of the point of obfervation, in order
that the inveftigation may be mathematically true, and
yet at the fame time fufficiently exa for the before-
faid limited extent alfo. It will alfo come nearett to the

S pradtical
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practical experiment, to {uppofe the hill to be a long
triangular prifim, fo that all its meridional fe€jons may
be fimilar triangles.  Let theretore the triangle aec re~
o prefent its fection by a verti-
cal plane paffling through the
meridian, or one.fide of an
indefinitely thin qllneuS\vhofe

edge Is in PG; or rather
‘pBCGP the fide of one cuneus,
and pac the fide«of anothel .thexr Lommon ‘edge

being the line re perpendlcular to the bafe ac; ».being:

the required pomt in the fide Az where the attrace

tion of the fedtion agpc, or mdeﬁmtely thin . umeus, |
fhall be. greatef__’c in a duj?._&,;o]r; Pjrgllel to. the ‘horizon

Ac, And then:from the. foregoing; fappofitions,: it is
evident that in whatever point of AB the attraéhon of
ABC is greateft, there alfo w1l1 the attraéhon of the
whole hill be the greatetft.

8. Now draw HPDEF parallel to ac; and amH, rg, BI,
cF, perpendicular to the fame. Then it is evident that
at the point p, in the direétion pr,. the attraftion of
PBcoP is affirmative, and that of paG negative, But
PBCGP i§ =PBD + BDE +PFCG—EFC; and PAG =PHAG —
pHA. ‘Therefore the attrattions of PBD, BDE, PFCG,
RHA, are affirmative ; and thofe of EFc, PHAG, negative,

Pust
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Put now BI=4, AlI=J, IC=¢, AB=d, BC=¢, AC=g=
b+¢, and rc =x, the altitude of the point p above the
bottom. Alfo let 5= the fine of the mdeﬁnltely {fmall
angleof thecuneustorad.1; andg*=v/4"g*- 2abgn +d i
© Then by Art. 3, the attraction
PBD iss.rn;g-g = b x 5%

of | -
PHAiSJ‘.PH.P—q =Jﬁx-:7.

'By Art. 4, the attration

: F s
PFCG is § v PG-x Bl A =k ha I "*" 5””‘”
Of PGS ﬂk'.
H 4+ PA P!
PGAH is ¢ Pthl PP":’ = x L] +"
By Art. g, the-attraéhon‘ of EFcils o A
EF,FC - TPEL EE BC EC P + PELEF
R T PG - : PE “’ﬁ_ g h L " PE,EC T, PE. BF .
- —K 97 =2+ a % — gp“ X h 1 acg+¢gg+aa,v-5r,v
L ’ * g ooy —
Lattly by Art. 6, the attradtion of BDE is
BD . DE PE. DE- “BE’J BE.BY — PE, DI
$o—gg— * PB = PE+ e x e b=y

= ., a-—xxd-g+2Zxh] LTI
e N eE - <F

Thefe quantities being collected together with their

proper figns, and contraéted, we have

ab ad— gg —dx

fre. “§+H‘*5"

£+d.x

.n‘g aa-——.f x h. 1. u+tfe rg acg—i—egl-l-ar-—hx

+ X % hyp. log. +

$ X

Egaet—ccoa—x
for the whole attraétion in the direétion »E,
2 ‘ 9. Having
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9. Having now obtained a general formula for the
meafure of the attraction in any fort of triangle, if the
particular values of the letters be fubftituted which any
practical cafe may require, and the fluxion of this at-
traction be put =0, the root of the refulting equation _
will be the required height from the bottom of the hill.
- 10. But for a more particular folution in fimpler
terms, let us {uppofe the triangle aBc to be ifofceles, in
which cafe we fhall -have d=¢, and £= 2b 28y and _

then the above general formula will become, -
ik i LY W Ml Al .

S ox " D Etd. w
:.l‘_’a—.t‘.“zb xhl zab‘+dg — Pl
LSRE T b= w - v

for the value of the attraéhon in the- cafe of -the 1{'0{'-

celes triangle,. where ¢ isi= ~/4.a“b‘ 4ab’x+d’x

And the fluxion ‘of this expreflion being equated to o,
the equation will give the relation between 4 and & for
any values of & and d, by a procefs not very trouble-
fome.
11, Now it is probable that the relation between 4 .
-and #, when the attradtion is greateft,. will vary with
the various relations between & and d, or between & and
4. Let us therefore find the limits of. that relation,
‘between which it frlajr always be taken, by uﬁng two
particular extreme cafes, the one in which the bill is
VorL. LXX, of very




10 Dolfor nurroN’s Determination of the
very fteep, and the other in ‘which it is very flat, or &
very fmall in refpeét of & or 4.

12. And firft let us {uppofe the triangular {fection to:
be equilateral ; in which cafe the angle of elevation is
60°, which being a degree of fteepnefs that can fcarce-
ly ever happen, this may be accounted the firlt extreme
cafe. Here then we fhall have d= 26 =24+/3, and the

24 —F — X

formula in Art. 10, w1ll become 5 x : —— &%
h. ], 2&f2rox , a- x h I”—d’_'ﬂ for the value of -

ix SRR R S N
the attraction in' the cafe of the equllateral trmng'le, in

which 7 is = Vg — —ax + &
13. Or if ‘we take x= na, where n expreﬂés what
part of 4 is denoted by " the laft; formulauwxll become

2 n-[-z‘\r’xl_a-l_;n_ TR
3;:

sax 11— EnZ VT —nt i g x L
—“x h. L2 """”"::/;"”’L" for the cafe of the equila-
teral triangle. 7

14. To find the maximum of the expreffion in the
Iaft article, put its fluxion = o, and there will refult

EL z‘—fr-l-z"/x—nwl-'-n‘
=2h. L :
this equation 1 + = T2 o

1h1 1 LN ETE ; the rootof which is #="251990.

1—n
Which fhews that, in the equilateral triangle, the height

from the bottom to the point of greateft attraction, is
only




Place of greatefl Araction, ‘ Tt
only -25th part more than I of the whole altitude of the.
triangle. And this is the limit for the fleepeft kind of
hills,

1 5. Letus find now the particular values of the mea-
fure of attraction arlﬁng by taking certain values of »n
varying by fome {mall difference, in ordér to difcover _
what part of the greateft attraction is wanting by ob-
{erving at different altitudes.

. 16, And firft ufing the value of # (*251999) as found
in the 1 4th article, the general formula:in-Art. 1 3,. gives
sa x 1'0763700 for the meafure of the greateft at-

tration.
I7. If n=3, orx=%ay the*fame‘-formula gives

2ty = /79 + 6ho L B g, '3'*‘;"79 =

sax 1°0702512 for the' attraéhon at & “of- thé alntude,
which is fomething lefs than the other.

18 If.nz-,i,;zg, the formula gives - -ii':é 216 —

V76 + 8h 1 TEY 4 ah, ), 7+;’"6~mxxozz4232
for the attra@ion at & or 5 of the altitude ; lefs again
than the laft was.

19, If n=.5%=3; the formula gives %Ja.x HET
V3—-2h Lg+ihl 3+ 9.73' =54 x *9340963 for
the attraction at half way up the hill; fill lefs again
than the laft. -

C = 20, If
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20. If n==3; the formula gives = x : 14—

x/76+12ﬁ.-l. 2+ V6 la—i'—‘/"—f'
for the attraction at % or 2 of the altitude from the
bottom ; being ftill lefs thau the laft was. And thus
the quantity of attraction is continually lefs*and lefs the
higher we afcend up the hill above the ‘251999 part,
or in round numbers ‘252 part of the altitude. Let
us now defcend, by trying the numbers below *252;
and firft, - T
CIf = '25 = -’; the fame formula in Art. 13,
_glves Liax 17—v'13 +ah. L. 7+’;”3 +2h. L S—""—’;/i—
5% 1'0763589 for the attradtion at § of .the altitude ;
and is very little Iefs than the maximum.

22. If #n=2 =1; the formula g1ves Fo$8 x 19 =
221 + 2h. L 9-'+—23-"-/ﬁ+zh L. 3""/" =fsfax 19— \/21

+ 2 h,

=sa3%'8109843

w gh 1 BESVE o g 1'0,68469.2 for the attradtion
at {5 or ; of the altitude ; and is fomething lefs than
at ; of the altitude.

23. If 7=75; the formula gives = x : 19-+/91 +
2h. 1 i‘-’-"'-—;ﬂ +2h, 1, -'i’i/—g-' =sa x *9986188 fof
the attradtion at .5 of the altltude, ftill lefs than the
laft was. And, lafily,

24. If n= 0, or the pomt be at the bottom of the
: hill ;
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hill; the formula gives zax 2+ 0.1 3 =94 x°7746531
for the attration at the bottom of the hill j; which is
between % and 2 of the greateft attration, being fome-
thing greater than % but lefs than 1 of it,

2. The annexed table exhibits a fummary of the

calculations made in the preceding

6

5 Biog%43 | 3
S | o363 | & | articles; where the firft column
75 | 10224232 | 5% | fhews at what part of the altitude .
R 10702512 | 115
voss | 10763700 | ©
i 10763589 | yrgsx _
2 | 10684622 | 13 correfpondlng numbers Wthh are

15 9986188 r'r pmpoumnal to the attraé’ﬂon and
° 7746531 7

of the hill the obfervation is made-
the fec.ond columu contains the

the thlrd column fhews what part

of the greateft attra&gon 1$ lo{’c at each refpeéhve place of
-obfervation, or how much each is lefs than the greateft,
26. Having now fo fully llluﬁrated the ‘cafe of the
firft extreme, or limit, let us fearch what is the limit for
the other extreme, thatis, when the hill is very low or
flat, In this cafe & is nearly equal to 4, and they are
both very great in refpeét of a; confequently the for-
mula for the attraction in Art, 10, will become barely

27—

+2.-xx h. 1, x;theﬂuxion

24 — X

fxsxx h. L

Iag—ax

of which being put = 0, we obtam o=h.1l

S NELEL B N L O ] I Ao

¥ : X.28—X

hence therefore a—w! =x.2a—¥%, and ¥=ax1 —v/ 1=
'29264.
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'zgzga.: Which {hews that the other limit is %; that
is, when the hill is extremely low, the point of greét-
elt attraction is-at 7% of the altitude, like as itis at 25
when the hill is very fteep. And between thefe limits it
is always found, it being nearer to the one or the other
of them, as the hill is flatter or fceeper.- '
2. Thus then we find that at  of the altitude, or
very little more, is the beft place for obfervation, to have
the greateft attraétion from -a hill in the form of a tri-
angular prifm of an indefinite 1ength-. ~ But when its

o length is limited, ‘the pdint of greateﬁ attraction will

defcend a'little lower; and the thorter ‘the hill is, the
lower will that point defcend. * For the fame reafon, all
pyramidal hills ha{re'théirplgc_e of greateft attraction a
; little below thatabove determiﬁed. . Butif the hill have

" a confiderable fpace flat at the top, after the mannér of
a fruftum, then the faid point will be a little higher
than as above found. Commonly, however, ; of the
altitude may be ufed for the beft place of obfervation, as
the point of greateft attraction will feldom differ fenfibly
from that place. And when uncommon circumftances
“may produce a difference too great to be intirely negle&-
ed, the obferver muft exercife his judgment in guefling
at the neceffary change he ought to make in the place
of obfervation, fo as to obtain the beft effeét which the

concomitant circumftances will admit of. '
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