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A S theejiperiment of determining the univedal at- 
t~a&ion of matter, which you lately wnduEted 

with fo much accuracy and fuccefs, is of fo great im- 
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ponance and curiofity, that it may probably be here- 
after repeated by the learned in other countries, and in 
other fituations ; and as the utmofi precifion is defirable 
in  fb nice an experiment ; I have colnpofed the inclofed 
paper to determine the bell part of a hill for making 
the obfervations, fo as to obtain the greatell quantity of 
attrat?tion. 

I have no doubt, Sir, that the determination of this 
point will appear of fome confequence in the opinion of 
one who has the improvement' of uieful knowledge fo 
much at heart: and if the manner in which it is here 
made, meet your approbation, I f l~al l  defire the favour 
of your prefenting it to the Royal Society. 

< ,  1 4  

.._ i .  .. . . ., . , 

, I haye the honour . . t o  be, ' k c ,  

I .  The 
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r . The great fuccefi of the experiment, lately made 
by the  Royal Society, on the hill Schehallien, to deter- 
mine the univerfal attraCtion o f .  matter, and the im- 
portant wnfequences that have sefulted f& it, may 
probably give occaiion to other experiments of the fame 
kind to b e  made. elfewhere : and as all pofible means 
of accuracy and facility are to b e  deiired info delicate 
and laborious an undertiking ; it has occimed to me 

, , that it might not be tlnufeful to. add, by, way of fup- 
, .  ,. . plenlent to my ;paper of calculationS relative to the .a- 

. , , , . , ,~ , bovementioned .+experiment, ' a n  invefiigation .. o f .  the 
, . i  ! I  $ '  height above thebottom of a hil1,:at whictiiits horizon- :, 

tal attra6tionfiall be the greateft; fince.that i&he height 
. . at which commonly the obfervations oughtto', be made. 

and f in~e~ th i s  beit point of obfervation has never be en^ 
. 1 !, ;. 

any &here determined that I know of, 'bu2iiis &en va-' 
rioufly fpoken of or gueffed at, it  being fometimes ac- 
counted at a, and fometimes at + of the height of the 
hill ; whereas from the6 ikeftigations it is found to 
be generally at about only $ of the altitnde from the 
bottom. 

2. Let ABCEDA be part of a cuneus of matter, its 
fides or faces being the t ~ v o  iimilarright-angled trian- 
gles Aac, ADE meeting in the point A, and forming the 
indefinitely fmall -angle BAD. Then of any feCtion. 

B z bced, 
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bced, perpendicular to the planes ABD A c a n d  ADE, the attraAion on a body at 
A in the direaion. AB, is equal to the 

a D: conitant . ~ quantity s f ;  where s = fin. 

B <BAC and r = h. <BAD, to the.ra- 
dius I .  

For, firit, iince the magnitude of the flowing fec- 
tion is every where as AP, and the attraaisn of the 

. . . . ) .  i 
particles of matter- inveire~elj as the fame, or as & ; 

. . . . , : . 1 , <  ,,;., ' : ,, 
, , ' ' .  A6" therefore their produt , . t . . . L  p r , : ~ ;  or: I I .  (a con&pt , / c~antity) . . & .  . . :; 

, < is as the force 05 .attraaio~ of: bced. , I  . .: .. , - . ,  
Then to find what that quantity.isi . pus. A B  = and 

BC = X ;  then 'BD 0 r .w <the.$&qce: between the;;two 
planes a t  the difiance +B) i s  =at.: Now. the :force of a .  . 

. . 
particle in the line CE is i s  &, in the direAion acj and . . ~ ' 

AB . therefore it is as ~n the direaion A B  ; confequently 

the force of the whole lineola CE in the direoion AB 
AB. Cfi  . is -, and therefore the fluxion of the force of the 

Y B C and the fluent gives f = --, = s x = ss for the 
+'2+x2 
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3. To  find now the attra&ion of the whole right- 

angled cuneus on a body at A in the dire&ion AB.- 

Since the force of each fe&on is ss by the la& article, 
therefore the force of all the fe&ions, the number of 

BC them being AB or a, i s  ass = J . AB . the force of the 

whole cuneus ABCEDA. 

4. To find the attraaion of the re&- 
angular part ABCD on A in the dire&ion 

A B  ;:;A.BCD ;bqingone ficleof . the cune- 
US, and AD' i t s  edge;-Put A D =  BC = 6, 

. .  . 
and ~i = x.  ~ h e ' n ,  the:f&e &fany fiLtio& as Bc' being"' ' 

. 
. . 

' ' I . . i  
always' i s  ss b y ' ~ r t . '  i, the 'fluxion bf the force or j 

- . . 

fluent is$='bs K hyp;b$6f~f ,@+.i? 6 ji.ih$+p. log,: : , . . 
, , ,. ., , . . , ., i 

E A C  = the attrafiionof A B ~ D . ~  
BC 

5. To  And the attraCtion of the  

right-angled part Bca of a cuoeus 
whofe edge paffes through' A t h e  

.f .. . . . . . . 
place of the body attra&ed.-Put. 

A B  = a, BC = b,, BR = C, D A  = d  = a-  C, DC=f3, A C  =,f, 
and DP = x. Then, the force of any feNion PQ being 

itill as sr, the fluxion of the force of the parr ~ ~ Q i s f :  
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dr, . . .z ,  . ~ " +& when x = c  i s ' f  = - x g - d -  -..x hyp. log. -,+& 
Y < 

=the  fGrce of a body at A in the di&tion AX. 

c 6. T o  find t he  aftraaibn of the 
right-angled part BCD on the point 
A. - Ufing here again t h e  fame 

A notition asin the lafi article, we have 

of which,, when x =  c,: is . . . . . . , ,  . , . . . . .  ( :L. ,, ; 
-.. . 

br, 

f = , - 6 .  f, hyp. log.: +9i-'+;!,. , , ., 
&-.'f,. '. , < '  ~. 

,7. TO ipplY no& th&epre&if&tb the findhng bf the 
place where ihe attraLtion6f: a hill. isiy&atkit, it wG1: 
be nece@ry to..f*fe the' hil l  tohavefohel&rtain fi-: .. 

.gure. That poiition is' mofi convenied forbbieriring 
, . , f  : 

the in whi.&ih;.hi,f.'is' &;*.';ii&nded in the 
call and weit direaion. $up*firig<hen f;c& a pofitibn 
of a hill., and that it is alfo of a uniform . . height and 
nieridional feLtion throughoue; the point of .obferva- 
tion muR evidently be equally dieant from the two ends. 
But inhad  of being only confiderably.extended, I ha l l  
Cuppofe the hill to be indefinitely extended to the eait 
and to the weft of the p i n t  of obfervation, in order 
that fbe invefiigation may be mathematically true, and 
yet at the fame time fuficiently exaLt for the before- 
faid limited extent alfo. It will all0 come nearefi to the 
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praeical experiment, to fuppofe the hill to be a long 
triangular prifm, fo that all its meridional fefiions may 
be fimilar triangles. Let therefore the triangle ABC re- 

B prefent its ieRian by a verri? ..i ,,,, 

cal plane pafing through the 
,.. 
\. meridian, or one. fide of an 

./ 
p..." n indefinitely thin cuneuswhofe 
..." .... %. edge is in PG ; or rather 

: ..... ̂  ,.", ................ 
A G I ~ ~ c o ~ : t h q l j d e o f  onecuneus, 

~ . . .  . ,  . : , , : .  . . ,  

and FAG the i ide.~ of 'another, i:theii-.kiommon edge 

c:. . ~ ,  , being the line PG perpe!ldicular, - ,  . ,  . to the;;b& AC;  P.. ~. being . , .  

,., ' j  ; the reguiired poipt ,in the.fid$ . , . ~ ~ - . w h e ? e  . . * .  the . attrac- . ~ , .. 

. . .  : . ,  tion of. .the fe&ion .: ABC, , or , indefinitely. . .  . thin cuneus, 
. ' .  .. <,.: 

.r . : ihall be greatell; in 3 dire&.ion _ , .  I .  pwallel L i  t?: the . ~ . .  ;horizon , ,~ 

. ... . ,. . . I .  . . ~  , . AC. +id the&:from; the:foyegoing:,fuppo~ti~ns,: . .. L ,.;, . , it  i,s I , . 

evident that in whatever point of An the attr'aaion of 
ABC is greatell, there alfo will the attraaion of the 

whole hill be the greatell. 
8. Now draw HPDEF parallel to AC ; and AH, PG, BI, 

w, perpendicular to the Came. Then it is evident that 
at the point P, in the direltion PF, the attraEtion of 
PBCGP is affirmative, and that of PAG negative. But 

PBCGP is = P B D  + B D ~ + . P F C G -  EFC ; and PAG = PHAG - 
PEA. Therefore the attraoions of PBD, BDE, PFCG, 

BHA, are affirmative ; and thofe of EFC, PHAG, negative. 
Put 
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Put now BI  = a, AI  = b, IC = C, AB = d, BC= e, ~ c = g r  
b + c, and PO = x, the altitude of the point P above the 
bottom. Alfo let 5 =  the fine of the indefinitely fmall -- 
mgleof thecuneus tor ad.^; andql=Ja'g'-zabgxtd'x'. 

Then by Art. 3, the attra&on 

B y  Art. <; the&attio& of EFC'IS , ; , ! '  

Lafilv bv A&. 6. "fhe attrattion of 'BDE 'is ' 

- - 
Thefe quantities being colletted together with eheir 

proper l i p s ,  and contratted, we have 
ad-gg-rlx 02 + +g - 6x (:! + c . -- + x x hyp. log. ---- . ... I , ~  b + d . x  

-- 
rr + I(< - rg . o ~ g  + egg + o% - 6.x 

7 x h. 1. -- 
gg. "-"<.'-x 

for the whole attraaion in the direttion r E .  

z g. Having 
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9. Having, now obtained. a general formyla for the 

meafure of the attraaion in any fort of triangle, if the 
particular values of the letters be fubfiituted which any 
prd ica l  cafe may require, and the fluxion of  this at- 
trattion be put =6, the root of the refulting equatiod 
will be the required height from the bottom of the hill. 

10. But for amore particular folution in fimpler 
terms, let us fuppofe the triangle ABC tobe  iC?fceles, in 
which cafe we h a l l  .have d=.e, and g = zb = zc, and 

. ~ .  
then the abovd ge'nerai formula will-bewnie. ' . - . .  . . . 

. .. 
for the value' o f  ~~ t'Ge . attr&jpn i n  the: cafe . . of the ifof- 

celes triangle,: where (1': i s+  .4qaab':- q a  V x . +  d'x'. , .~ 

Andthe fluxion ;of this expreffion being equated to o, 
the equation will give the relation between a and x for 
any values of b 'and d, by a procefs not very trouble- 
fome . 

I I. Now it is probable that the relation between a 
and x, when the attrattion is greatelt, will vary with 
the various relations between band d, or between b and 
a. Let us therefore find the-limits of. that relation, 
.between which it ma) always be taken, by ufing two 
particular extreme cafes, the one i n  which the bill is 
VDL. LXX. C very 
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very fieep, and the other in which it is very flat, or a 
very fmall in refpea of b  or d. 

I z. And fim let us fuppofe the triangular feaion to 
be equilateral ; in which cafe the angle of elevation is 
60°, which being a degree of fieepnefi that can fcarce- 
l y  ever happen, this may be accounted the firrt extreme 
cafe. Here then we ha l l  have d =  zb =+a J3, and the 

2 " - I - X  formula in Art. 10, will become s x : + X X  . 
, . 

, '  2 2 -  n - x  .+.*+* + - . x  h. I. 
3" : ,.:!,K:, a -  for .- . . . , t.be value . ,.. o f  

the attraaion i n  the cafe of fh s  equilateral triangle,. in 
. . .  --- 1 . . / .  

which r is = Jaz  - ax + x'. .~ . .  . 

, . , %  

I -" ,+ ."*2. /zz" ' ' ! ' .  - x  h. 1. 
4 I - "  

, for- the ca& of the equila- 

teral triangle. 

I 4. To  find the maximum of the exprefion in the 
lait article, put its fluxion = o, and there will refult . - 

r + n  1-8 +dm this equation I + .*II-.+T - -- = 2h.I.. - 
3" . . -- 

I +  n+rJI-n+n=. +h, l ,  
I - "  

, the rootof which is n = - 2 5 1 9 9 ~ .  

Which kews that, in the equilateral triangle, the hei&t 
from the bottom to the point of greatelt attraaion, is 

only 
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only +th part more than $ of the whole altitude of the 
triangle. And this is the limit for the iteepeit kind of 
hills. 

I 5. Let us find now the particular values of the mea- 
fure.of attraaion arifing by taking certain values o'f n 
varying, by fome fmall difference, in order to difcover 
what part of the greateit attraaion is wanting by ob- 
ferving at different altitudes. 

16. And firit ufing the valueof n ( . a g ~ g g g )  as found 
in  the 14th article, the general f o r m u l a i n ~ r t .  I 3,.gives 
sa x 1'0763700 for the ,  +eifur$ of the greateit at- 
traaion. 

. , 

17. If n = &, or x = &a ; the-fame-formula gives 

2 : - J79 + .&h; 1. !7,:+''+'79:+ 35.1. ;3,+ z q 7 9  _ 
10 9 7 

sa x 1.07025 12 for the'ittraltion at &'of- the'altitude, 
which is fomething lefs than  the other. . ' 

18. If n = A = + ;  the formula gives E x  : 1 6 -  
1 0  

a + u 7 6  + 3h.1. kuJ-is = s a x  1,0224232 J 7 6  + 8h .  1. -- 
3 

for the attraaion at or $ of the altitude ; lefs again 
than the lait was. 

I j. If n = i;= I;  the for~nula gives +$a x : 3 - -- 
J3 2 h. I. 3 + th.  1. 3 + 2 d 3  = sa x '9340963 for- 
the attraaion at half way up the hill ; fiill'lefs again 
than the laR. 

C 2 20. If 
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so. . If n = A'= f ; the formula gives x : 14 - 
8 + J 7 6  J 7 6  .t ~ z h .  1. u6.+ ah . l . - s~ax .81og8~+3 

9 

for the attraaion at or 3 of the altitude from the 
bottom; being fii'll liCs than the lafi was. And thus 

the of attra&tion is continually lefs'*and leCs the 

higher we aCcend up the hill above the '251999 part, 
or in round numbers '252 part of the altitude. Let 
us now defcend, by trying the numbers , below '252 ; 
and firfi, . . ,. , , : :  , , .. . . . i . . 

21. I f  n = = S,; ,  the fame formula in Art. 13, 
7 + * J 1 3  S + = J 1 3  - 

gives gsa x : 7 - V'I~ + 2h. 1. + t h .  1. - - 
3 3 

sax 1.0763589 for the attraAion at.; of..the altitude; 
and is very little 1,efi thafithe maximum. .I. 

22. If n = 6 = ; the formula gives, &u x : g - 
JZI + zh .  1. 94-2 4 2 1  + zh.i.,* =&sax :.9- ~ 2 1  

3 

+ z h. 1. 'UJI' = la x r eo684622 for the attraAion 

at or 5 of, the altitude ; and is fomething lefs than 

at 5 of the altitude. 

23. If n = & ;  theformulagivesz x : 1 9 - 4 9 1  + 
I 9  + 2 4 9 1  2 h. 1. -- + :h. 1. -- 

3 
= sa x .99861&8 fof 

9 

the attraEtion at & of the altitude ; itill leCs than the 
lafi was. And, laitly, 

24. If n = o, or the point be at the bottom of the 
hill ; 
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hill; the formula gives $so x z + 11.1. 3 =sa x.7746531 
for the attra&ion at the bottom of the hill ; which is 

between + and 4 of the greatefi attra&ion, being fonle- 
thing greater than ; but lefs than : of it. 

z q. The annexed table exhibits a f~immary of the 
calcnlations made in the prcceding 
articles; where the firll column 
fllews at wliat part of the altitude 
of the hill the obfervation is made; 
the , . fecondcolumn contains the 

correfl,onding numbers which are 
prop&tional'to , . .  the attratlion ; and 

1 , the , third c o l u m n ~ i h e ~ s  . .  ~ what part 
. ..?,<., 

of the greatell ?ttia&jon , is . . ldit . at > eachrefpe&ive . . . place df 
, :, .:. 

obfervation, or how much each is lefs than the greatefi. 
26.  Having now id fulli illulliat&lk the 'c&e of the 

firfi extreme, or limit, let us &arch whit  is thk limit for 
the other extreme, that is, when the hill is very low or 

flat. In this cafe b is nearly equal to d, and they are 
both very great in refpe& of a ; confequently the for- 
mula for the attra&ion in Art. 10, will become barely - 

z n - x  2 " - X  
J X : $ X  h.1.- + z . a - x x  h.1.- 

.I. 
a -  .v 3 the fluxion 

2 0 - 2  
of which being put = 0, we obtain o = h. 1. - - 

x 
7. -* 

-- -- 
hence therefore 2 ' = x . za  - x, and x = a x I - d+= 
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-2g2ga; Which hews that the other limit is G; that 
is, when the hill is extremely low, the point of great- 
elt attraaion is at % of the altitude, like as it is at & 
when the hill is very fieep. And between there limits it  
is always found, it  .being nearer to t h e  one or the other 
of them, as . . the hill is flatter or iteeper. 

27. Thus then we find that at of the altitude, or 
,very little more, is the befiplace for obfervation, to have 
the greatefi attraoion from a. hill in the form of a tri- 
angular prifm of an indefinite length. . But when its 
length is limited, .the point of ireateit a t t rdion will 
dercend a little lower ; and the flloiter c the hill is, the 
lower will that point defcend. ' For the famereafon, all 
pyiunidal hills have their .place of greateft attraoion a 

little below that above determined. , But if the hill have 
a confiderable fpace flat at the top, after the manner of 
a fraftum, then the faid point will be a little higher 

than as above found. Commonly, however, ; of the 
altitude may be ufed for ihe beR place of obfervation, as 
the point of greateitattra~tio~\vill feldom differ fenfibly 
from that place. And when uncommon circumftances 

may produce a difference too great to be intirely negle&t- 
ed, the obferver mult exercife his judgment in guefing 
at the neceRjry change he ought to make in the place 
of obfervation, fo as to obtain the heit effet? which the 

concomitant circumftances will admit of. 


